Abstract. Computational Fluid Dynamics codes are used in many industrial applications in order to evaluate interesting physical quantities, such as the heat transfer in turbulent flows. Commercial CFD codes use only turbulence models with an imposed constant turbulent Prandtl number P r t , which can give accurate results only for simulations when a strong similarity between the velocity field and the temperature field can be assumed. For fluids with a low Prandtl number, as for heavy liquid metals, a constant turbulent Prandtl number leads to an overestimation of the heat transfer, so experimental results and Direct Numerical Simulation cannot be reproduced. In this work we propose a new k-Ω-k θ -Ω θ turbulence model as an improvement of the k-ω-k θ -ω θ turbulence model, already validated by the authors, where Ω and Ω θ are calculated as the natural logarithm of the variables ω and ω θ . With this reformulation of the previous turbulence model we obtain some important advantages in numerical stability and robustness of the code. Results for the simulations of fully developed turbulent flows in two and three dimensional geometries are reported and compared with experimental correlations and DNS data, when available.
Introduction
The IV generation of nuclear reactors is based on a design that combines increased safety, passive safety systems and low radioactive-waste production. Six new reactors have been proposed by Generation IV International Forum (GIF). Among them the Lead Fast Reactor and the Sodium Fast Reactor are cooled by a liquid metal. One of the main features of these reactors is the capability to produce fissile atoms by the transmutation of Uranium-238. In order to obtain this, a material with high atomic mass, such as liquid metals, has to be employed as core-coolant. Inside a nuclear reactor core the fluid flow is typically turbulent so a turbulence model is needed to simulate the flow with affordable computational cost.
The most common turbulence models currently employed for the study of turbulent flows are based on the Reynolds Average of the Navier Stokes equations (RANS models). In these models the similarity between the velocity and the thermal turbulent fields is usually assumed. An algebraic relation based on the eddy viscosity and the turbulent Prandtl number is used to compute the turbulent heat flux. This turbulence model is known as Simple Eddy Diffusivity (SED) model. In the SED model one computes the eddy viscosity ν t by using two turbulent variables, such as the turbulent kinetic energy k and its dissipation rate ε. The eddy thermal diffusivity α t is then computed as α t = ν t /P r t . This procedure can be used when turbulent flows with a molecular Prandtl number P r 1 are simulated. Heavy liquid metals such as mercury, Lead-Bismuth Eutectic (LBE) and sodium-potassium alloys are characterized by a low molecular Prandtl number, varying from 0.01 to 0.05. In these fluids heat conduction is an important heat transfer mechanism and the similarity assumption between the velocity and the temperature fields does not hold. It is well known that when the standard SED model is adopted with low Prandtl numbers the obtained values of heat transfer are very different from the experimental ones. This problem can be solved by specifying the P r t for each geometry or using a more sophisticated turbulence model in order to define the proper thermal characteristics time scales [1, 2, 3, 4, 5] .
In this paper we present a new logarithmic formulation of the four parameter k-ω-k θ -ω θ turbulence model for liquid metal flows. We briefly recall the RANS equations and the first formulation of a four parameter k-ε-k θ -ε θ , then we derive the k-ω formulation already validated by the authors [6, 7, 8, 9] . Finally the new logarithmic k-Ω-k θ -Ω θ model is presented. A discussion on the boundary conditions is reported to better motivate the derivation of this model. We report some numerical results obtained with the implementation of the logarithmic model in a finite element in-house code and compare them with experimental correlations and DNS data, when available.
Transport equations and turbulence models
Inside the nuclear reactor core the flow of liquid metal can be considered incompressible so the system of equations to be solved is based on the Reynolds Averaged incompressible Navier Stokes equations, namely
where u is the averaged velocity of the fluid and T is the averaged temperature. The tensors σ and q are the usual viscous stress and heat flux and they are modeled using Navier-Stokes constitutive law for viscous fluids and Fourier law for heat conduction
The transport equations for the averaged velocity and temperature are similar to the ones for the instantaneous quantities, except for the terms τ R and q R which are introduced, as a result of the average procedure over time, in the following form
where the operator (·) means the time average. These terms are known as the Reynolds stresses and the turbulent heat flux. They could be computed by solving the appropriate transport equations, which means a total number of 9 additional unknowns. This procedure is very expensive in terms of computational cost. Instead of solving these additional transport equations we approximate the terms u u and u T by using the eddy diffusivities and the gradients of mean velocity and temperature in the following form
where the eddy diffusivity of momentum ν t and the heat eddy diffusivity α t must be properly defined in the turbulence model. The two eddy diffusivities are calculated as a function of the turbulent kinetic energy and of two characteristic time scales: τ lu for the dynamical and τ lθ for the thermal turbulence. These time scales have to be defined appropriately in the turbulence model, for details one can see [3, 4, 5, 7] .
We can define the turbulent kinetic energy k, its dissipation ε, the temperature fluctuations variance k θ and its dissipation ε θ as
The transport equations for the variables in (9) and (10) are obtained by taking appropriate moments of the Navier-Stokes equations for the fluctuating quantities u and T . The equation
where
is the source term of the transport equation. The equation for ε has this form
C 1ε C 2ε C µ σ k σ ε 1.5 1.9 0.09 1.4 1.4 Table 1 : Values of the model constants for (11) and (13) .
The values of the model constants that appear in (11) and (13) are reported in Table 1 , while f ε is a model function defined as
By defining the characteristic time τ u = k/ε one can model the local dynamical time τ lu in many ways [7, 8, 9] . For the thermal turbulence the two transport equations are
is the source term in the k θ transport equation. The equation for ε θ can be written as [7, 11] 
For heavy liquid metals with P r ≈ 0.025 we have used the coefficients defined in [3, 4] , namely C d1 = 0.9, C p2 = 0.9. The coefficient C p1 has been set to 0.925 and
We define a time scale τ θ as the ratio between k θ and ε θ . For details on the time scales and functions to be used in the definition of the eddy viscosity and diffusivity one can see [5, 7, 8, 9, 10, 11] .
The results obtained with the k-ε-k θ -ε θ turbulence model, in terms of the Nusselt number value for the evaluation of the global heat transfer, are more accurate than the ones obtained with the SED model when compared with the reference correlations for liquid metals [7, 8, 9] . The k-ε model better matches experimental results but shows poor numerical convergence due to the strong coupling of ε-ε θ with k-k θ on wall boundaries. In order to avoid this coupling between the state variables we develop a k-ω-k θ -ω θ model where ε-ε θ are replaced by the turbulent kinetic energy specific dissipation ω and the specific dissipation of mean squared temperature fluctuations ω θ defined as
c p2 c d1 σ θ 1.5 1.9 0.09 1.4 1.4 1.025 1.9 1.1 1.4 This new turbulence model is obtained by substituting (19) into (11-13-15-17) . This keeps the accuracy of the results and enhances the algorithm stability [6] . The new system of equations is
The values of the model constants that appear in the system (20) -(23) are reported in Table 2 .
Boundary conditions for the turbulence models
Since we do not use wall functions, the exact boundary conditions that must be imposed on wall boundaries can be obtained using a near wall Taylor series expansion for the turbulence variables. These variables are expanded based on their analytical formulation (9-10) and (19) under the constraints imposed by the velocity components on wall boundaries. For k, ε, k θ and ε θ we obtain the following asymptotic expressions
From (24) and (25) we see that ε and ε θ are constant and their values depend on a and a θ which are related to the velocity and temperature fluctuations that are not known a priori. With the change of variables introduced in the k-ω turbulence model the boundary values for are
so their values depend only on the physical properties of the fluid (ν and α) and on the wall distance (δ 2 ). For the new variables ω and ω θ it is possible to set exact Dirichlet b. c., while for k and k θ we set the following Neumann b. c.
where n indicates the direction normal to the wall surface. The latter condition in (27) can be applied when temperature fluctuations are assumed to be zero at the wall.
The logarithmic turbulence model
The turbulence model we propose here consists in a further improvement of the previous models. The formulation of this new turbulence model is based on [12] in which the various k-ε, k-ω and k-τ models for dynamic turbulence are analyzed in their formulation with logarithmic variables. The introduction of logarithmic variables brings important advantages to the turbulence model, in particular the fact that the original variables are always kept positive because they are calculated as the exponential values of the new logarithmic variables, so this ensures an increased numerical stability. Another important feature is that the logarithmic variables have profiles that are smoother than the ones of the natural variables [12] . In this new turbulence model we use the logarithmic forms of the specific dissipations ω and ω θ Ω = ln(ω) ,
For these new variables we can set exact Dirichlet boundary conditions
The new system of equations is
The eddy viscosity ν t and the eddy thermal diffusivity α t are modeled as
For the modeling of the characteristic time scales for dynamic and thermal turbulence one can see [7, 8, 9] . With this turbulence model one can correctly reproduce the near wall behavior of the turbulence variables, which means k ∝ δ 2 , ν t ∝ δ 3 , k θ ∝ δ 2 assuming zero temperature fluctuations, and α t ∝ δ 3 .
Numerical results
In this section we present the results obtained from the simulations of fully developed turbulent flows of liquid metals in several geometries. The plane channel and cylindrical duct geometries are investigated for different values of Reynolds numbers. A complex 19-pin hexagonal rod bundle is simulated for a specific pitch-to-diameter ratio and Reynolds number. In Table 3 the values of the physical properties are reported. In particular those values are representative of Lead-Bismuth-Eutectic (LBE) which has a molecular Prandtl number P r = 0.025.
We implement the system (31-34) and the Navier-Stokes equations in an in-house finite element code. We employ Taylor-Hood finite elements for the system of Navier-Stokes in order to satisfy the inf-sup condition and this system is solved with a standard projection method. The two systems of turbulence equations are solved with standard quadratic finite elements.
Plane channel
The plane channel is one of the simplest type of geometry that can be simulated and many Direct Numerical Simulation are available for this kind of flow. In particular for fully developed turbulent flows results of the dynamical turbulence for the cases of friction Reynolds number Re τ = 180, 395, 640, 950, 2000 and 4200 are available [13, 14, 15] , while results of fully developed thermal turbulent flow for a fluid with P r = 0.025 are available only for the cases of friction Reynolds number Re τ = 180, 395 and 640 [13] . The domain consists of two plates located at a distance L = 0.0605 m, with infinite dimensions in the other directions. On the wall a uniform heat flux of 3.6 × 10 5 W/m 2 is applied. The condition of fully developed turbulent flow is imposed with periodic boundary conditions on the inlet and outlet of the channel.
We simulate seven test cases with Reynolds number Re 5700 (A), 14000 (B), 24000 (C), 37000 (D), 86000 (E), 198000 (F) and 325000 (G). They correspond to friction Reynolds numbers Re τ 180, 395, 640, 950, 2000, 4200 and 6600. All simulations are performed using a spatial discretization of the physical domain in order to have the first mesh point at y + < 1. 
Property

Cylindrical pipe
For the cylindrical pipe the DNS data for the dynamical turbulence are available for the cases Re τ = 180, 360, 550, and 1000 [16] . The results are thus validated using the experimental correlations for the Nusselt number. In particular we refer to the Kirillov correlation as the main reference for the cylindrical geometry [17] . This correlation is claimed to be valid for 10 4 < Re < 5 · 10 6 . The Nusselt number is calculated as a function of the Peclet number P e = P r · Re N u = 4.5 + 0.018 P e 0.8 .
For the cylindrical case we simulate fully developed turbulent flows with Re τ = 180 (A), 360 (B), 550 (C), 1000 (D), 3580 (E), 5840 (F) and 6860 (G). The corresponding values of the Reynolds number for these cases are 5760, 12770, 20700, 41000, 165000, 286000 and 341000. As in the plane channel case, all the simulations for the cylindrical pipe are performed refining the mesh in order to have the first mesh point with y + < 1. In Figure 3 (a) the profiles of the non dimensional temperature T + are shown as functions of the non dimensional distance Finally we calculate the Nusselt number values and compare them with the Kirillov correlation. This comparison is presented in Figure 4 where the values of the Nusselt number are plotted against the Peclet number. As it can be seen some differences between the correlation data and the values calculated with the turbulence model appear in the low velocity region (Pe < 10
3 ). The differences with the Kirillov correlation, in this region, are included within 5%. In the high velocity region with Pe > 10 3 our values are closer to the Kirillov correlation. As shown in the Figure the values are included within 1%. Table 4 : Geometrical parameters of the simulated hexagonal bundle.
Hexagonal rod bundle
In this Section we present the results of a simulation of a 19-pins hexagonal rod bundle. In Figures 5 (a) and (b) a geometrical representation of the whole bundle is given. The bundle is bounded by adiabatic solid walls. This particular configuration is used for experimental analysis [18] . Due to the symmetry of the geometry and boundary conditions it is possible to simulate only one twelfth of the entire bundle.
A transverse section of the computational domain can be seen in Figures 6-7 while the geometrical parameters of the bundle are reported in Table 4 . In the simulated case the velocity and the dynamical turbulence are fully developed, so we impose periodic boundary conditions at the inlet and outlet of the bundle. On the wall boundaries we set
where n indicates the direction normal to the wall and δ the wall distance. On the other boundaries we impose a symmetry condition. For the thermal field we impose a fixed uniform temperature of 573 K at the inlet of the bundle, so k θ is set to zero and Ω θ is set to the same value that it has on the wall boundaries. On the pin walls we impose a uniform heat flux of 3600 W/m 2 , while the external wall is considered adiabatic, ∂T /∂n = 0. on every wall we impose the following boundary conditions
At the outlet of the bundle we consider that no heat exchange occurs, so we impose a null derivative in the direction normal to the outlet surface for T and for k θ and Ω θ . The physical properties of the fluid are the same shown in Table 3 . The mean axial velocity is w mean = 0.23 m/s, so the Reynolds number is Re = 10070. In Figure 5 (a) the axial component of the velocity field is shown at the bundle outlet while in Figure 5 (b) the temperature field is presented in a scaled view of the whole bundle. In Figure  6 (a) the axial velocity is reported on a transverse section of the bundle. In the region near the adiabatic wall the velocity is smaller than in the remaining part of the domain. Due to this phenomenon we have some areas characterized by a low turbulence in the same region, as it can be seen from Figure 6 (b) , where the field of turbulent kinetic energy is shown. We recall that we simulate the condition of fully developed turbulent flow, so the distributions shown in Figure  6 (a) and in Figure 6 (b) are the same for every transverse section along the axial coordinate z.
The temperature distribution for the transverse section at z = 1.8 m is shown in Figure 7 (a). As we can see the temperature distribution is almost uniform except in the region near the adiabatic wall where a stagnation point appears. In particular the temperature distribution reaches its maximum value in the corner region, as it can be better seen from Figure 5 (b) . In the region near the adiabatic wall the temperature changes sharply. This fact reflects the distribution of the mean squared value of the temperature fluctuations, which is reported in Figure 7 (b). The transverse section is at the same height as Figure 7 (a).
Conclusion
In this work we have proposed a new four parameter turbulence model with logarithmic variables. The model has been tested in simulations of fully developed turbulent flows of low Prandtl number fluids (P r = 0.025) and compared with reference results available in literature. For the case of plane channel, where more DNS data are available for both dynamical and thermal turbulence, the results of the new four parameter turbulence model show a good agreement with DNS results. For the case of cylindrical pipe we focused our attention on the values of the Nusselt number obtained for all the simulated cases because a few DNS data for the thermal field are available in literature. The obtained results are very close to the Kirillov correlation, which has been taken as the main reference for the Nusselt number prediction. Finally some preliminary results of the application of the turbulence model on a complex three-dimensional geometry have been reported, showing the robustness of the model also in thermally developing three-dimensional flows. The new turbulence model can thus be used as a reliable tool for the study of turbulent flows characterized by low Prandtl numbers.
